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Abstract 

We discuss semiclassical quantization of closed superstrings in AdS^ x S^. We consider 
two basic examples: point-like string boosted along large circle of and folded string 
rotating in AdS^. In the first case we clarify the general structure of the sigma model 
perturbation theory for the energy of string states beyond the 1-loop order (related to the 
plane- wave limit). In the second case we argue that the large spin limit of the expression 
for the ground-state energy (i.e. for the dimension of the corresponding minimal twist 
gauge theory operator) has the form S + /(A) In 5 to all orders in the a' ~ expansion, 
in agreement with the AdS / CFT duality. We also suggest the extension of the semiclassical 
approach to near-conformal (near-AdS) cases on the example of the fractional D3-brane 
on conifold background. 
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1. Introduction 



The AdS/CFT duality relates the string theory in AdS^ x to Af = 4 SU{N) 
SYM theory in 4-d flat space with parameters ^ = A = Qyj^N, Qs = j^- The "classical" 
(tree-level) string theory limit corresponds to the 't Hooft limit: Qs 0, =fixed. Full 
understanding of the tree-level string theory in AdS^ x would allow one to compute 
various "interpolating functions" fi{X) that enter the observables like SYM entropy S = 
fi{X)N^VsT^ , rectangular Wilson loop expectation value ( "quark-antiquark" potential) 
{W{C)) ~ exp[— /2(A)^], anomalous dimensions of composite operators A — Aq = /3(A) 
(related to masses of the corresponding string modes), etc. While exact computations of 
these functions is beyond the reach at present, finding the leading terms in them in small 
a' ~ A- (large A) expansion is already of interest, as they provide information about 
strong-coupling behaviour of the SYM theory. In some cases certain structures in the a' 
expansion of /i(A) may be given exactly by the first few (say, classical and 1-loop) terms in 
the semiclassical expansion. This would then allow the comparison with perturbative gauge 
theory results. This is indeed what happens in the large R-charge example considered in 
0,1 (see also §). 

Given that the AdS^ x string action ^ is highly non-linear, the semiclassical 
ct'-expansion near a particular string configuration is the simplest way to explore the 
string-theory side of the duality. Such expansion was developed earlier in the open-string 
(Wilson loop) sector Recently, similar semiclassical approach was suggested in 

the closed string sector [0,|T^, where one can relate the energy of a particular string state 
to the dimension of the corresponding operator in dual gauge theory. While the interest to 
a particular large angular momentum sector of closed string modes was drawn by the 
observation that GS string in the R-R plane- wave background [jl2| is exactly solvable, 
one does not actually need to use the results of |lT^ , |TTi[T3|| to arrive at the conclusions of 
0: as explained in [p|,p!0|, all one needs to do is to expand the original AdS^ x action 
1^ near a particular point-like string classical solution and compute the 1-loop correction 
to the energy. 

The semiclassical expansion approach is more general than the one based on starting 
directly with the plane- wave background: (i) it clarifies the place of the large R-charge sec- 
tor in the context of the standard AdS / CFT correspondence: one concentrates on specific 
string states with large angular momentum (avoiding possible ambiguities in how one is 
to take the Penrose limit or identify and p~ with J and A — J, cf. [^|n[); the plane- wave 
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(Penrose) limit is recognized as being simply the sigma model 1-loop approximation.S (ii) 
it makes possible to systematically extend the computation of the energy /dimension and 



thus the check of the AdS/CFT correspondence beyond the leading (1-loop) order ||TC 



(iii) it allows one to investigate (by expanding, in much the same way, near other classical 
solutions) other interesting subsectors of string states with large quantum numbers which 
can be again related to particular operators in gauge theory 

One may start with any stable classical string solution! carrying linear or angular 
momentum, or simply having non-zero energy proportional to the string tension ~ \/~\ 
times an "oscillator number" (a "non-topological soliton"), which is thus large in the 
a' — s> or A ^ 1 limit. For the simplest point-like string solution, one has two "irreducible" 
choices: (i) massless geodesic running parallel to the boundary of AdS^, and (ii) massless 
geodesic running along big circle of (carrying angular momentum J). In the latter 
case the 1-loop approximation is equivalent to exact string quantization in the plane-wave 
(Penrose) limit of the AdS^ x geometry. The basic extended string configuration is 
the string rotating near the center of AdS^ (and carrying spin S) []T^,3. One may also 
consider the "mixed" (J, S) case []T^. Solutions with oscillations were considered in 
and [|T7| , p!8[] (see also [|19| for other related examples in the context of the semiclassical 
approach). Computing quantum string corrections to the energies of the string states 
allows one to determine the strong-coupling expansions of the anomalous dimensions of 
the corresponding composite operators on the SYM side. 

The study of special sectors of string states with large quantum numbers is equiva- 
lent to semiclassical expansion since the energy and conserved charges then scale as string 
tension and thus are large in the large A limit. From general perspective, given the non- 
linearity of the AdS^ x string action, one may try to do semiclassical expansions near 
different points in the classical solution space and then try to patch the resulting expan- 
sions together. Interpolating between the expressions for the string spectra obtained near 
different expansion points may lead to a progress in understanding the structure of the 



^ This suggests, in particular, that it may be somewhat misleading to try to find some special 
holography in this case that would extend to the full interaction level. 

^ The classical string solutions will depend only on the string- frame metric and (in the extended 
string case) on the NS-NS Bmn field. However, the form of the sigma model quantum corrections 
(and thus a possibility of interpolation to weakly-coupled gauge theory results) will be sensitive 
to detailed structure of other background fields (dilaton and R-R field strengths). 
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string spectrum in AdS^ x . An example of such interpolation was described in [10 
and will be reviewed below. 

It is useful to recall how similar correspondence between expansions near different 
classical solutions is achieved in flat space. The standard option is to expand near mass- 
less point-like string solution xq = xg = pr. Gauging away fluctuations of xq + xg, 
this is equivalent to light-cone gauge quantization where excited string modes are identi- 
fied with small fluctuations near point-like vacuum ( "supergraviton" ) state. One finds 
that the one-loop approximation here is exact and P"*" = E + Pg = P~ = 

E — Pg = -p+iPl + ^ X]^-oo l^l-^n)- Alternatively, one may expand near the sta- 
tionary classical solution describing folded closed string rotating near its center of mass: 
Xq = KT, xi = r(cr) COS WT, X2 = r{a) sinzwr, r{a) = ^ sinwa, where the periodicity in a 
implies quantization condition w = n = 1,2,.... The solution with n = 1 has the classical 



energy and spin related by E = J ^S, i.e. it corresponds to a closed-string state on 
the leading Regge trajectory in the standard oscillator vacuum, {a\a_])^\Q) . Expanding 
near this solution one finds a tower of oscillator string states with given angular momen- 
tum. The ground state in this sector (representing the unexcited classical solution) may be 
described as a coherent state of oscillator string states, \0) s ^ ^VSa\^\fSa_^ |q\^^ Similar ex- 
pansions may be developed near other oscillating string solution. Given that the flat-space 
string action is essentially quadratic in the conformal gauge so that one knows the general 
classical string solution one is able to establish correspondence between expansions near 
different classical starting points. Detailed relations between different expansion points in 
the case of strings in AdS^ x should be of course much more intricate. 

Below we shall first review the form of the GS action in AdS^ x in the "non- 
conformal" light-cone gauge (with the light-cone directions parallel to the boundary of 
AdS^) and discuss point-like string solutions in Poincare and global coordinates (section 2). 
We shall then develop semiclassical expansion near rotating string solutions, by considering 
in turn the 5'^-boost J 7^ 0, AdS^ rotation 5" 7^ and the mixed J, S cases (section 3). 
In section 4 we shall suggest an extension of the semiclassical approach to more "realistic" 
near-AdS (near-conformal) cases. 

2. Light-cone gauge GS action and point-like classical solutions 

Let us start with recalling the form of the quadratic fermionic term in the type IIB 
GS action in AdS^ x 



-e'''s'')e'QaD,e' +0{e'') , (2.1) 
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where /, J = 1, 2, s^-^ =diag(l,-l), Qa = T AE^daX^ , and is the vielbein of the 10-d 
target space AdS^ x 5"^ metric (see for details). In the conformal gauge ^J—gg""^ = 
^ab =fiiag(-l,l). The covariant derivative Da = daX^ Dm is the projection of the 10-d 
derivative = {Sm + \ootP^ ab)5" - ^Fa,...aJ^^'-^'^ m^^-^ . Since 9^ are 10-d MW 
spinors of the same chirahty and since F5 = R~^{t^ -f *e5) for the AdS^ x background, 
Da can be put into the foUowing form 

DJ' = {5'JBa-\R-^e'JT,Qa)e-\ r, =zroi234, = 1 , (2.2) 

where = da + \daX^ uj^V ab- Thus the action contains a fermionic "mass term" 
originating from the R-R couphng [|5|. 

As usual, the GS fermionic kinetic term contains a potentially problematic factor dX. 
However, a perturbative expansion near a particular X ^ const string configuration is 
well-defined, producing (after fixing an appropriate «:-symmetry gauge) a non-degenerate 
fermionic propagator. 

An alternative is to use, as in fiat space, the light-cone gauge [^. The fermionic 
K-symmetry gauge V^6^ = can be supplemented by = p'^r (this can be justified 
using, e.g., the phase-space approach [^). Here is a light-cone direction parallel to 
the boundary in the Poincare coordinates, i.e. corresponding to a light-cone direction in 
the gauge theory. A short-cut way to arrive at the resulting light-cone gauge action is to 
use, instead of the conformal gauge, the "diagonal gauge" 

^g''^ = diag{-z\ z-^) , z = z{t, a) , (2.3) 

where z is the "radial" coordinate of AdS^^ in the Poincare parametrization, i.e. (m = 
0,1,2,3, p = l,...,6) 

R^ 

^ Ads^x 3^ ~ "^^^•^TTT'dx^ -\- dzpdzp) , z = ZpZp . (2-4) 

In what follows we shall often set R = 1. The bosonic part of the string action is then 

(e = (r,a)) 

/ — T J ^ [imim + ZpZp — (x^X^ -|- ZpZp)'^ , T = 2TTa' ' ^^'^-^ 

One can then impose x^ = p'^r (we shall use decomposition = {x~^,x~,x^), s = 1,2) 
and derive the corresponding light-cone Hamiltonian that will coincide with the one in 
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||20|| . Splitting the fermionic components into 4+4 complex Grassmann variables rji 
transforming in fundamental representation of SU{A), the light-cone gauge Lagrangian 
can be put into the form [ p0| , p2| (rescaling a to absorb p'^ and overall effective string 
tension T factors) 

L = \ [xsXs + - ii^.pp'^y z,z-^f + i{e'e, + 77*77, - h.c.) 

- T[ z-^rfpl-z^{e'^ - iV2z-^r]^x') + h.c] . (2.6) 

Here p-matrices are blocks of F-matrices and x = xi + 1x2- Like many light-cone gauge 
actions in curved space this action is not manifestly 2-d Lorentz invariant, but has a 
well-defined kinetic term. Expanding the 2-d fields in Fourier modes in a one gets a non- 
linear quantum- mechanical system for the infinite number of modes. The theory (|2.6| ) has 
two obvious limits: (i) the "particle theory limit" T ^ 00 (i.e. A — > 00) in which all 
fields become independent of a and the spectrum of the corresponding Hamiltonian is the 
same as the spectrum of the supergravity modes in AdS^ x background |]2^; (ii) the 
"tensionless string limit" T — (i.e. A ^ 0) in which all the a-derivative terms in 



are to be omitted but the fields still depend on a p0| , |2^ ; in this case, the presence of the 
non-linear interaction terms involving Zp and 77-fermions in ( p.6|) implies that the string 
does not split into an infinite collection of decoupled oscillators as that happens in fiat 
space p2|. Detailed study of this limit and the spectrum of the light-cone theory ( pT^ ) 



remains an important open problem. 

The non-linearity of (|2.6| ) in z (and the singularity of the interaction terms near the 
boundary of AdS^ where z ^ Q) suggests that to be able to learn more about the quantum 
properties of this theory (e.g., using standard perturbation theory) one needs to expand 
near particular string configurations with non-zero background values of z. 

The simplest classical string configurations are point-like null geodesies in AdS^ x 
space. They are easy to find from the action (|2.5| ) in the diagonal gauge. In general, for 
the special class of string backgrounds for which ^(r, a) = /(r)/i(a) the solutions in the 
standard conformal gauge and in the diagonal gauge ( |2.3|) are related by the 2-d coordinate 
transformation: 

r _ F{t) , a ^ H{a) , F(r) = f^r) , H\a) = h\a) , z{t, a) = f{T)h{a) . (2.7) 
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The cr-independent (point-hke) solutions of equations of motion plus constraints corre- 
sponding to (^■5[),(P73|) are the same straight null lines as in flat space {am,Pm,Up,Vp = 
const) 

Xm = am+ Pmr , Zp = Up + VpT , PmPm + VpVp = . (2.8) 

Transforming this solution to the conformal gauge using ( |2.7| ) one flnds the general form 
of point-like string solution in AdS^ x which was previously given in [[7| 

Xm = am + Pmqir) , Zp = Up + Vpq{r) , (2.9) 

(?(r) = ^ tan(i^r) ^, u"^ = u^v"^ - iu ■ vf . (2.10) 

V V 

It is easy to indentify the two non-trivial cases: 

(I) Null geodesic parallel to the boundary of AdS^: If PmPm = —Po +Pi = —VmVm = 
0, then Vm = and the solution is the null geodesic parallel to the boundary located at 
a distance z from the boundary {zp = Up =const). We can choose Pm and Up so that the 
solution is given byi 

Xq = Xs = PT, = W = const , Xi,X2, Z2, ..-t Zq = . (2-11) 

The expansion near this classical solution (with fluctuations of x+ = xq + xs gauged away) 
is equivalent to the expansion of the light-cone action (^]^) near the constant Zp point. 
Here the energy is E = Pq = Ps = \/~Xp ^1. It is easy to see from (|2.6|) that here (in 
contrast to the case of the S'^-geodesic discussed below) the resulting quadratic fluctuation 
action is trivial, i.e. is the same as in flat space, giving the 1-loop correction to the energy 
-^1 = 2p ^ W\-^rL- However, the 2-loop corrections to the energies of strings states will be 
non-trivial {E2 = -^F{p, n)) and would be interesting to compute explicitly. 

(II) Null geodesic transverse to the boundary of AdS^ (along the big circle of S^). If 
PmPm = —VmVm IS uou-zero, then the translational invariance in Xm and 5*0(1, 3) x 5*0(6) 
rotational symmetry allows us to bring the corresponding solution in the diagonal gauge 
( p.8|) to the form 

xq = pr , zi = u = const , Z2 = pr , (2-12) 

where we also used the translational invariance in r to set U2 = 0. This is a straight- 
line geodesic in the (21,^2) plane parallel to the Z2-axis. Note that the expansion near 
this solution can be again described by the light-cone action ( |2.6|) (the light-cone gauge 

^ It thus has the same form in the conformal and diagonal gauges. 
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choice means only that the "boundary" hght-cone coordinate does not contain quantum 
fluctuations) . 

This second solution ( |2.12D corresponding to a straight motion of a particle in the 
plane [zi, Z2) is carrying a non-zero angular momentum since Zi 7^ 0. It can also be viewed 
as a null geodesic in AdS^ x running along the big circle of . To show this let 
us flrst transform ( p.l2| ) to the conformal gauge, i.e. write down the solution ( |2.9[ ) with 



Up = (m, 0,0,0, 0,0), Vp = (0,p,0, 0,0, 0), u-v ^0, ao = 0, po = p: 

= p tan z^r, zi = u , ^2 = ptan(z^r) , f = up . (2-13) 

For simplicity let us also rescale Xm and Zp by 1/p and choose u = p. Then ( |2.13|) can be 
written as 

xo = tant , zi = l = zcos(f, Z2 = tsiut = z simp , (2-14) 

where 

1 

t = UT , 99 = z^r , z = . (2-15) 

cos VT 

Here (p is, in fact, the angle of large circle of and t is the global time coordinate of 
AdS^. Indeed, in global coodinates 

dn^ = dPl + cos^ d(3l + cos^ (^2 dpj) , 

while the angle (p of 5"^ related to Zp coordinates by dzpdzp = dz'^ + z^dipP + dz^dzn- 

In general, the transformation between the Poincare and the global coordinates of 
AdS^ can be done as follows (we set the radius of AdS^ to be 1 and use the Minkowski 
signature) : 

Xq _ ^ — coshp sint , = — {1 -\- z^ — -\- xf) = coshp cost , (2-17) 
z 2z 

X ' 1 

Xi = — = riismh. p , X4 = — (— 1 + 2;^ — a^o + ) = ''^4 sinhp , + 77,4 = 1 , (2.18) 

tant = 7^ ^ ^, z"^ = coshp cost — n4sinhp . (2.19) 

1 + z^ -xl + xj ' ^ ^ 



Here Xq, X^, X4 (i = 1, 2, 3) are the coordinates of i?^'^: the AdSs metric is induced from 
the flat i?^'^ one by the embedding (see, e.g., |jl[]) Xq+X^ —Xf — X^ = 1. The unit vector 
Uk {k = 1, 2, 3, 4), n1 + n\ = 1, parametrizes the 3-sphere: dukduk = dQs. The obvious 
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point-like solution in global coordinates ( 2.16 ), i.e. t = z^r, p = 0, ip = ut (with all other 
angles being trivial), then becomes equivalent to ( p.l5| ). 

Expanding the covariant AdS^ x string action (in the conformal gauge or in diagonal 
gauge (p75|)) near the above solution one reproduces (see [|10| and below), in the 1-loop 
approximation, the same spectrum as found in the case of the plane-wave background 

mp|,||.i 



3. Semiclassical expansion near rotating string solutions 

3.1. Classical energy and classical solutions 

Let us first supplement the transformation between the Poincare and global coordi- 
nates of AdS^ ( |2.17|) - (|2.19|) by the relation between the corresponding energies (corre- 
sponding to t and xq time coordinates). The energy in global coordinates expressed in 
terms of the Poincare coordinates x^, Zp in ( |2.4| ) as functions of both r and a iM 

E = y/XS = y/X [ —Sd = V\ I — coshV i 
J 2tv J 2n 

= o ^ / / [(1 + + ^')^o - 2^oI^] ' (3-1) 
Z J Ztx 

Vo = ^xo, ^ = + ' x^ = -xl + xj. (3.2) 

Here Vq is the energy density corresponding to translations in xq and T> is the dilatation 
{z kz, Xjn — ^ kxm) charge density. One can show that E is related to the superconformal 
generators in the Poincare patch as follow^ 

E = hPo + Ko) = l^/X [p{Vo + /Co) , /Co = (z^ + x^)Vo - 2xoV . (3.3) 
2 Z J Ztx 



The 1-loop approximation (i.e. taking a' ^ and rescaling the coordinates) is related to the 



strict Penrose limit [24|. 

^ Note that in general E may not be conserved if solutions do not decay fast enough in a: the 
translation invariance in t implies that daE"" = 0, E'^ = , so that one needs J da = 

for the energy to be conserved. 

^ At the boundary of AdS^ (i.e. z = 0) the standard superconformal generators are D = 

and so [D,Po] = iPo, [D,Ko] = — ^Kq, [Po,Ko] = — 2zD, etc. The above generators acting on the 
AdSs coordinates are extensions of these to the bulk. 
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We can also express the energy density in (^]T|) 



^'-2 7^ d^^l + z^ + x^^- ^^-^^ 

For the solutions discussed below one has the following relation 

z"^ -xl + xj = l . (3.5) 

Thus V = (see (|3.2| )) and the energy E in global coordinates ( |3.4| ) coincides with the 
energy Pq in the Poincare coordinates: 

-xo , V = 0. (3.6) 

Next, let us summarize the ( confer mal-gauge) ferm of the simplest classical string 
solutions in AdS^ x 5"^ written in global ( p.l6| ) and Poincare ( |2.4| ) coordinates of AdS^ 
{G will stand for the global and P for the Poincare coordinate form). As was already 
discussed above, for the point-like string rotating in (or, equivalently, boosted along a 
big circle in 5"^) 

G : t = PT , ip = fT , (3.7) 

P : Xq = tant , z = , = t = ut . (3.8) 

cos t 

The spinning string in AdS^ is described by (the angle (f) is (3s in (|2.16| )) [1T5|,|3[] 

G : t = KT , (f) = WT , p = p{a) , p'^ = cosh^ p — nP' sinh'^ p , (3.9) 
or, equivalently, by 

1 tanhp 

P : Xq = tant , z = — , Xi = rcoscp , X2 = rsmcp , r = , (3.10) 

cost coshp cost 



where t = tij), (j) = (P{t), and p = p{a) are given by (|3.9| ). Here p changes from to 
its maximal value po =Arctanh:^ and the parameter w is a function of k. In Poincare 
coordinates the string moves towards the horizon (center of AdS), rotating and stretching. 
More general solution can be obtained by combining the rotation in AdS^ with the boost 
in [0 (see section 3.4 below). 

One may also consider string spinning in S'^ [p, for which t = kt, ip = z/r, t(j = '(/'(cr) 
(-0 is an angle of 5"^ along which the string is stretched, ds'^^ = dt/j'^ + sin^ t/j dif^ + •••)? 
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well as a more general solution interpolating between this and the above two, i.e. string 
spinning in AdS^ as well as in 5*5 flj 



Let us mention also some of the oscillating string solutions [p!6|,|3|JT^ . For the string 
oscillating in AdS^ 

2 

G : t = tij) , (j) ~ wa , p = p(r) , i = ^ — 5 = 2 '^^ ^^^^ P ■ (^-H) 

cosh p cosh p 

The form of this solution in Poincare coordinates is similar to the one in the rotation case 

P : Xq = Xo{t) , xi = r cos cf) , X2 = rsincj) , 

- = sinhp , — = cosh p sin t , z = — , xq = tant . (3-12) 

z z coshp cost 

For the string oscillating in one has t = kt, (p = wa, = iI^{t). There are also more 



general solutions incorporating the above as special cases [p5| . 

The form of a classical solution cannot depend on the value of the string tension, i.e. on 
a/a, which appears as a factor in front the string action / = ^ f (i^^ G m n {x)daX^ d"'x^ . 
Thus the classical energy can be written as i? = ^/XS{J\f), where Af stands for all con- 
stant parameters (like Ty,w,K in the above expressions (|3.7| )-( |37T^ )) that enter the classi- 
cal solution. These parameters should be fixed in the standard sigma model loop 
expansion. However, some of them may be quantized in the full quantum theory, i.e. 
VXAf = N=integer (being related to canonical momenta the quantized parameters should 
contain a factor of string tension). For example, the global charges like the 5"^ and AdS^ 
angular momentum components J = VXi', S = \/XS{k), etc., will take integer values. In 
addition, for the oscillating solutions there will be an integer "oscillation number" param- 
eter Nose = VX-^fosc ^ 1: as usual for stationary "non-topological" soliton-type solutions 



there will be a semiclassical path integral phase quantization condition (see p6| , p!6[1 ). Ex 



pressed in terms of these quantized parameters the classical energy will look like 

According to the AdS/CFT duality [^, the energy in global coordinates should give the 
expression for the strong-coupling limit of the ( canonical -f anomalous) dimension of the 
corresponding SYM operator. The string sigma model corrections to ( p.l3|) discussed below 
will represent subleading strong-coupling expansion terms in the anomalous dimension. 
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As was observed in [16], in the limit of large values of M (and thus of the quantum 



numbers N ^ 1) the classical energy of a string solution in any AdSp space goes as 
linear function of N, i.e. i? ~ N. Here N can be an angular momentum or an oscillation 
number or a combination of the two. This is to be compared to i? ~ -\/N in the flat space 
case. This remarkable linear behaviour (seen explicitly on specific examples of solutions in 
T5|,|3|, p!0|JT7| , |T8| ) is a consequence of the curvature of the AdSp and is perfectly consistent 



with the AdS/CFT duality: the large N expression for E (i.e. of the full dimension) should 
start with canonical dimension of the corresponding gauge-theory operator. 

Below we shall discuss the classical relation ( |3.13| ) and quantum string sigma model 
corrections to it on specific examples. Our aim will be to try to draw some general conclu- 
sions about the expression for the quantum energy E on the string side of the AdS/CFT 
duality. 

3.2. Quantum corrections to point-like string rotating in 

Let us now consider the quantum corrections to the energy of the point-like S'^-rotating 
solution (|3.7|) . Its classical energy and angular momentum E = \f\v and J = \f\i' are 
proportional to the parameter v which should be fixed in the semiclassical expansion in 
powers of the inverse string tension Then J ^ 1 in the large limit. 

The general strategy is as follows. One is supposed to expand the string action near a 
given classical solution and then compute corrections in sigma model and string perturba- 
tion theory. If one is interested in quantum corrections to the energies of string states in 
global coordinates in AdS^ one should consider string theory on the cylindei0 (or cylinder 
with handles attached if one goes beyond tree level in string coupling) and compute the 
expectation value of the energy operator {^\E\^) in the sector of states with quantized 
angular momentum [^: (^^|J|\E') = J = \f\v= integer. The parameters of the string 
perturbation theory are = -^^ ^ 1, = ^=fixed and ^ 1. They can be expressed 
in terms of the parameters A' and P, [28| , p9| that enter the SYM perturbation theory for 
the anomalous dimensions of operators with large R-charge: 

j2 ^ j2 

f 2 = ^ , i.e. Qs = Qym = ]y = ^'jY = ^'92 ■ (3.15) 



^ For an alternative description of the semiclassical approximation for the 2-point function of 
vertex operators in Poincare coordinates see U%. 
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Then the semiclassical string hmit i^=fixed, A — > oo, ^ (i.e. the sigma model 1-loop 
approximation in string theory on the cyhnder) is equivalent to A'=fixed, J oo, g2 0. 
Choosing u to be large corresponds to A' < 1. In general, the expression for the energy of 
string states computed in both sigma model and string loop perturbation theory will be 

E = E{^,^,gs) = E{X', -j^, X'g2) . (3.16) 



Again, sending (72 to zero and then J to infinity for fixed A' on the SYM side is thus 
equivalent to the sigma model 1-loop approximation in tree-level string theory. The energy 
of a string state with some quantum number n = {ui} (i.e. the expectation value of the 
quantum space-time energy operator E = may be written as 

00 ^ 
i? = 5^i?z + 0(a , Ei = ^-^^Si{i.;n) , (3.17) 



1=0 



where / = 0, 1, 2, ... is the sigma model loop order. Residual supersymmetry preserved by 
the classical solution implies that Si with / > should vanish for the ground state (and all 
other supergravity modes in the spectrum). 

Expanding the bosonic part of the AdS^ x 5"^ string action near the classical solution 
( 3.7|) or ( |3.8|) one finds the following quadratic term in the Lagrangian for the fiuctuation 
fields i,|l3 

L2B = -{dif + {d^f + (a4)2 + {d^,f + + ^l) . (3.18) 

Here and ijjk {k = 1,2,3,4) are 4-f4 fiuctuations in other directions of AdS^ and 
rescaled by (v^)-^/^. The mass terms originate from the curvature of the two spaces. The 
next term in the expansion of the sigma model Lagrangian is a quartic interaction term 
which has the following symbolic structure [10| 

L,B-^[~ l\dtf + i^\d(pf + ~e{dlf + i^\d^f + -t- ^4)] , (3.19) 

so that the parameter u of the classical solution determines the masses as well as the 
potential terms for the 8 bosonic fluctuation fields. More generally, the expansion of the 
bosonic part of the action has the structure (here ^ stands for all 8 dynamical fluctuation 
flelds and in contrast to (|3.18| ), p.l9| ) we do not rescale ^ by (V^)~^^^) 



m=l 
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(3.20) 



The form of the quadratic fermionic term is easily found from the general expression 
( p.l|) ,( P?2|) .i Choosing the natural K-symmetry gauge (which is essentially "imposed" on 
us by the choice of the background) T~^6^ = 0, = =i=ro + F,^, we get []T^ 

= -iiy{e^r- d+e^ + e^v-d-O^ - 2ve^v-m^) , (3.21) 

where 11 = iT^Tq = ri234, II'^ = /, and the mass term originated from the R-R coupling. 
Redefining the spinors, we end up with an action that can be interpreted as describing 
4+4 massive 2-d fermions (with Dirac-type mass terms, i.e. Siid^SR + SLd^SL±uSLSR). 
Higher-order interacting fermionic terms that accompany ( |3.19| ) have the following struc- 
ture 

^ [9d9{di+d^)+iy99{di+dtl^)]+^[99{{dif+{d^f)W9999]+.... (3.22) 



(VA)V2 L V ^ ' ^ "^'J V^' 

The quadratic part of the expanded AdS^ x action ( |3.18| ),( |3.21| ) is the same as the 
full GS action for the plane- wave R-R background of |jT^ that was found in This 
is not surprising being a consequence of the fact that the plane-wave background is the 
Penrose limit of the AdS^ x near the same null geodesic . The parameter v can be 
identified with the product of a'p'^ in the light-cone gauge condition =t + Lp = a'p'^r 
in |jTl|,0 and a scale of the plane- wave background. 

To find the quantum correction to the energy one may use the constraints to eliminate 
x~ = i — or, equivalently, impose the "light-cone" gauge = 0. Since for classical 
trajectory t = ut, the 10-d energy and the 2-d energy are directly related (as in the familiar 
case of the static gauge), with the proportionality factor K The quantum correction to 



the energy is then determined by the expectation value of the 2-d Hamiltonian []T0 

E-J= - r ^ {m2ci{li^,9m . (3.23) 
1/ Jq 27r 

Here H2d corresponds to the above action ( p.20|) ,( p?2TD ,( p.22 | ) describing 4+4 massive 
bosonic and 4+4 massive fermionic "transverse" fluctuation modes and their interactions 
as prescribed by the full AdS^ x GS action expanded near the classical trajectory. 

Ignoring the interactions, i.e. omitting the 2-loop 0{-^) and higher corrections to E, 
one finds the same expression as in [0|2|,|T^ 



E 



Here po = TudoX^' = i^iFo + T^), D'/ = 5'^ da - ^t'^T^pa , = iri234. 
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Expressed in terms of J and A, the classical plus 1-loop correction to the energy is thus 



oo / r oo 

E = J+ Jl + —n^Nn = J+ + A'n2 A^, . (3.25) 

n= — oo n= — oo 

The analyticity of the latter square root expression in A' suggests the possibility of direct 
comparison with the SYM perturbation theory expression for the corresponding anomalous 
dimensions obtained in the limit J — > oo, A' =fixed P,^; indeed, one finds the exact 
agreement with the square root correction in (|3.25| ) |]30[] . 

Why this happens is clear from the structure of the string perturbative expansion: 
higher- loop sigma model corrections are suppressed by powers of and thus by powers 
of i (for fixed A')- StiU, there is a small miracle in that the string expression (|3.25|) has 
regular expansion in power series in A' - otherwise, one would need to do a non-perturbative 
computation on the SYM side to be able to compare to the above string result. One may 
wonder if the same analyticity property holds also at higher orders in sigma-model loop 
expansion, i.e. at subleading orders in j expansion, thus allowing one to hope extend the 
comparison with simply perturbative SYM theory beyond J = oo limit. 

Indeed, it is possible to argue that all higher-order terms in ( p.l7|) should have the 
structure 

Ei = -{E2^)i= \ Fii^;n) , Fi = ciin) + ^di{n)+Oi^) . (3.26) 

(vA uy-^ ^ y ^ 

The expanded GS action defines an UV finite massive 2-d QFT on a cylinder, with inter- 
action vertices containing only two derivatives or two powers of v (cf. ( p.20|) ,( |3.22|) ). Thus 
the energy of a particular oscillator string state with quantum numbers n should have a 
regular inverse- mass (^) expansion, i.e. each / > 1 correction Ei in (|3.17| ) should vanish 
in the limit of — > oo (for fixed A). This implies ( p.26| )i which may be written also as 

El = j^F,i^;n) = J-^Fi{X';n) , (3.27) 

with Fi having a regular power series expansion for small A'. As a result, in the large J 
sector, one should be able to re-interpret the string a' ~ expansion as an expansion in 
positive powers of A' = = 

This implies that the comparison between the string theory and the SYM theory can 
be extended to subleading orders in j without need to go beyond perturbation theory in 



It may be possible also to show that in general ci = 0. 
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A' on the SYM side. The leading 2-loop correction to the energy of excited string states 
(hke a|alj^|0 >) has the foUowing structure [p!0| , |31| , |32 



E2 = -^F2(^;n) = j^2( = -^rfsN + ... . (3.28) 

As follows from (|3.27|) , the term in the energy (anomalous dimension) may appear only 
from the 2-loop string correction (i.e. there is no non-trivial function of \/~\ multiplying 
term). Therefore that the coefficient d2 in ( |3.28| ) should be reproduced by the leading 
perturbative (single YM interaction vertex insertion) computation on the SYM side (see 
||32|| ). It would be interesting to find the complete string-theory expression for the 2- 
loop function F2 in (^ 2^)0 as well as to extend the gauge-theory computation of to 
subleading order in j. A complication in checking the AdS/CFT duality at subleading 
orders in j is that one needs also to modify [^S] the definition of the composite SYM 
operators corresponding to the string modes. 

3.3. Quantum corrections to string rotating in AdS^ 

Let us now consider the spinning string solution ( P^ ) [T^,^ . Here the classical energy 
(which is the same in global or Poincare coordinates, see E = Eo = VX£{k,w) and 

the spin S = \^S{k,w) depend on the classical parameters k,w. The latter are related 
by the cr-periodicity condition, w = w{k), so that one can express the energy in terms of 
spin, £ = £{S) or E = E{S, VX). One may view S as the basic parameter of the classical 
solution which is fixed in the semiclassical expansion in 



In the "short string" {S < 1) hmit one finds that £ ^ V2S, i.e. E ^ V2VAS'; 
this is the same linear Regge trajectory relation as in fiat space (not surprising, since 
the short string is located at the center of AdS^ which is approximately flat). For "long 



string" {S ^ 1) one finds that £ ^ i.e. E ^ S |jT^, in agrement with general behavior 
of E in AdS space discussed in section 3.1. Since S should take integer values at the 
quantum level, this suggests [Q, by analogy with the large R-charge case 0, that this 
string state should correspond to a CFT operator with large canonical dimension equal to 



For that one needs to expand the Hamiltonian (see (|3.23D , ( t3.22| )) 7^2d = 'Ho + '(y^yrpi'H.i + 
-^7^2 + ••• and the quantum state |^) = |^'o) + ^^7^172 l^i) + ^'^d to take into account that 
both (^'o|7Yo|^o) and (^'o|7ii|^i) may contribute to the order correction. 
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S. A remarkable observation made in is that the relation E ^ S + ... contains also a 
subleading logarithmic term, 

S..., + -InS + i.e. Eq ^ S + aoVXln ^ + ... , ag = - . (3.29) 

This is an example of the general relation ( p.l3| ) . As another example, let us mention that 
for the string oscillating in AdS5 ( |3?Tl] ) one finds |1|,|18[ (A/" > 1): S ^ Af + coVwAf + 
i.e. ^ N + coV y/XwN + .... For the string oscillating in |T|]: S ^ N' + cij^ + i.e. 
E^N + ci^ + .... 

Eq. ( |3.29| ) may be compared to the known similar behaviour of the anomalous 
dimension of the dual gauge theory operator, e.g. Tr($*il>i^ ...Di^^), in an asymptotically 
free theory (i.e. near a UV fixed point). Since the rotating string state is not BPS, the 
relation (|3.29| ) is expected to be renormalized by quantum corrections on both string-theory 
and gauge-theory sides. On the gauge-theory side, it is believed (see and discussion in 
0) that the anomalous dimension should not contain higher powers of InS (even though 
they appear in individual graphs). Fortunately, one is able to argue (see |T^ and below) 
that the same is true also on the string-theory side: there is a simple scaling argument 
that implies that all sigma model a' ~ ^ corrections to the energy of the rotating string 
solution ( |3.29| ) do not produce higher than first powers of InS" in E, i.e. they modify ( |3.29| ) 
only by an "interpolating function" of the string tension (i.e. of the 't Hooft coupling) 

E^ ^ S + fiX)lnS + ... , /(A>1) = aoV^ + ai + ^ + ... . (3.30) 

This is the same kind of modification due to quantum corrections that happens on the 
gauge-theory side, where /(A ^ 1) = 6iA + b2X^ + .... 

The starting point of the semiclassical quantization is again the GS action in AdS^ x 
on a 2-d cylinder expanded near the solution ( |3.9| ). This is a conformal 2-d theory [|5|, i.e. 
should be no 2-d UV divergences in expansion near any classical string solution. One needs 
to impose the angular momentum quantization condition (\1/|S'|\1/) = 5" = -\/A5=integer 
and compute = E{S). The semiclassical string spectrum contains the ground 

state |\l/o) representing the rotating string solution, plus a tower of excited string modes 
(corresponding to small oscillations on top of the macroscopic rotation). In contrast to 
the point-like 5'^-rotating solution discussed above, here the space-time (and effective 2-d) 
supersymmetry is broken, and thus there should be a non-zero quantum correction to the 
ground-state energy, (^'ol-E'l^o) — Eq 0. 
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The bosonic part of the quadratic fluctuation Lagrangian can be put into the form 

m 

L2B = —{di)'^ — lA^^ + {dcj))^ + + 4p(Ksinhp dot — w cosh p do(f)) 

+ {dpf + + (aA)' + + {di^vf , (3.31) 



where (3i{i = 1,2) and cj) = (3^ are the 5''^ angles of AdS^ (see ( |2.16| )), and i/'p are fluctuations 
of 5 angles of . Two out of 10 fluctuations may be eliminated using the conformal-gauge 
constraints. This action describes a mixed system of 2-d fields with non-constant (cr- 
dependent) masses: 

2 2/ \ 2 2 2 1 \ 2 2 2/ \ 2 2 2 2/ \ /o oo^ 

= m [a] — K , = m [a) — w , Pp = m [a) — k —w , = m [a) , [6.62) 

= 2p'^ = cosh^ p — 2w'^ sinh^ p . 



The quadratic fermionic action can be found from (|2.1|) , (|2.2|) . After applying (as in Q) 
a particular cr-dependent fermionic rotation "i?^ = U{a)9^ and imposing the K-symmetry 
gauge 9^ = 9^ one gets an action describing 4+4 set of 2-d fermions with a a-dependent 
mass as in ( ^.321 ) [ |TD| : 



L2F = i^T^da^ + dMd , M - ir234mF{a) , mp = p'(ct) . (3.33) 

"Diagonalizing" the bosonic fiuctuations, it is possible to show the validity of the sum 
rulJlil ^ — ^ m'p = 0, which explicitly checks the UV finiteness of the 2-d theory. The 
quantum correction to the ground-state energy is given (as in ( p.23| )) by the expectation 
value of the 2-d Hamiltonian corresponding to ( p.31|) ,( p?33|) 

E = Eo + Ei + ... = S+-E2d, E2d = -(0|^2d|0) . (3.34) 

K, K 

To find the quantum correction in the "long-string" limit one notes that for 5^1 the 
masses of the 2-d fiuctuation fields are approximately constant, p' ~ and n{S ^ 1) ~ 



Its existence reflects the fact that the eff'ective 2-d supersymmetry is broken spontaneously 
by the classical solution. 
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:^lniS ^ 1.0 Then the 1-loop correction Ei to the ground-state energy becomes |1C]0 
El ^ — V \^/n^^ + 4k'^ + 2Vn2 + 2^t2 + 5^ _ 8^/n^+~i^ ] . (3.35) 

n=l 

The large k (large mass) asymptotics is then Ei = 2^[— | ln2 + 0(k)], i.e. 

3 In 2 

Ei(S > 1) ^ ai ln5 , ai = — . (3.36) 

47r 



This is consistent with (|3.30|) , i.e. there are no 1-loop quantum corrections that grow faster 
than InS for large S. 



Let us now argue [ITO] that the same should be true also at higher orders in inverse 



string tension expansion, i.e. that for large S {k ^ ^InS, 5^1) 



(3.37) 



The 2-d quantum field theory in question contains a collection of massive fields with 
approximately constant (for large S) masses proportional to k and with interaction terms 
containing two derivatives or two powers of n. It may be modelled by a Lagrangian (cf. 

Lr^ Vx[{l + ni^^ + n2^'' + ...){dO^ + m^{^^ + ki^^ + ...)] , m ^ k , (3.38) 

supplemented by massive fermionic terms which should lead to cancellation of all 2-d UV 
divergences. The theory is defined on the cylinder 0<r<T, 0<a< 27rL, where T ^ 00 
and L is fixed (in the above discussion we put L = 1). Since this theory must be UV finite, 



^2 Though the masses do change near the end-points, one is able to argue that since the change 
occurs only during a very short interval of a, this does not, for large S, significantly influence the 
spectrum of the Laplace operators. 

For constant masses the expression for the quantum correction to the energy becomes es- 
sentially the same as in section 6.5 of Q. Here we consider the theory on a flat cylinder 
(r, cr), so that the individual fleld contributions to the 2-d vacuum energy are the same as 
in the theory with the kinetic term —d'^+ . This is an analog of the 2-d vacuum energy 
{D — 2) 'Yl'^-i ^ ~ (^ ~ 2)C( — 1) = — in the closed bosonic string case. It vanishes in the 
standard flat-space GS string case when all masses are set to zero. 
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dimensional considerations imply that the n-loop contribution to the corresponding 2-d 
effective action (and thus to the vacuum energy) should scale as 

Fi = T{E2d)i = j-^^V2m^Qi{mL) , V2=TL, (3.39) 

where Qi is a finite function of dimensionless ratio of the two IR scales 1/m and L.0 Since 
in the infinite volume limit L oo the function Qi should approach a finite constant ci, 
the same should be true also for fixed L but for large m, i.e. Qi{mL ^ 1) ^ q. As a 
result, for large m ~ k we get (setting L = 1) 

(E2d)i ~ cim^ ^ biK,'^ , (3.40) 

thus confirming ( |3.37|) . This implies that string corrections to the energy of the rotating 
string solution will produce a non-trivial function /(A) in (|3.30| ) but will not lead to faster- 
growing In'^ S terms. Combined with the expected absence of the higher-order In'^ S terms 



in the anomalous dimension of the minimal twist operators on the gauge theory side 
this represents a new non-trivial check of the gauge theory - string theory correspondence. 

3.4- String rotating in AdS^ and boosted in 

Let us now consider the classical solution that generalizes the above two, i.e. describes 
a folded closed string rotating in AdS^ with its center of mass moving along the big circle 

G : t = KT , (f) = WT , If = UT , p = p{a) , p'^ = cosh^ p — w^ sinh^ p — v^ . (3.41) 

The corresponding string modes will carry two global charges,lll J = \/Xu and S = y/XS 
with the energy being function of them E = E{J, S). They will be counterparts of gauge- 
theory operators which have large spin and large R-charge at the same time. The expression 
for the classical energy E = E{J,S) = \/\£{i^,S) win contain both E = J and E = 
5" -f aoV^lnS" -f ... cases as special limits. 



In our case of several fields with different masses the functions Qi will also contain finite 
ratios of the masses ~ k, but these will stay constant in the limit of large k. 

The classical parameters are again related by the a-periodicity condition [10|: w = w{S,v)^ 
K = k{S, u), etc. 
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One interesting aspect of this solution is that it illustrates the interpolation between 
expansions near different semiclassical points. For example, in the limit of large v and 
small S the dependence of the classical energy E = E{J, S) on S will be the same as in 
the quantum oscillator part of (|3.24|) corresponding to point-like J 7^ solution: as in 



fiat space, the classical spin can be built out of quantum-oscillator spins. The agreement 
between the classical and quantum expressions here is non-trivial since it depends on the 
curvature of AdS^. 

In the "short-string" limit one has (25)^ ^ 1 + u'^, and finds different expressions for 
E depending on values of z/. If z/ ^ 1 then 5 <^ 1 and we get the same relation as in fiat 
space: 



E ^ \/ J-^ + 2VXS . (3.42) 

Indeed, J has the meaning of a linear momentum along the (/^-direction of and S is the 
spin of a state on the leading Regge trajectory. If z/ ^ 1 (so that u ^ 25) then 

E^ J + S+^S + ... . (3.43) 

This is to be compared with the quantum-corrected energy of the point-like solution with 
large J ( p.24|) ,( p?25|) . For the oscillator states on the leading Regge trajectory (ajal]^)"^ |0) 



one has 71 = ±1, A^i = A^_i = | and thus (|3.25|) takes the form E ^ J+{l + ^ + ...)S + 



which is in perfect agreement with ( p.43| ) . This provides a non-trivial checkEl of consistency 
of the semiclassical expansion. For J ^ S the corresponding gauge-theory operators 
should be 0: ,^=1 VjW^ l^{...ZD,^Z...ZD,^Z..)e^-^^^^+-+^^\ i.e. they should 

contain J factors of Z-scalar and S covariant derivatives (at positions Ik) so that their 
canonical dimension is Aq = J + S. As was noted in ||T^, the 0{-^) correction to 
the anomalous dimension of such operators should indeed appear from a perturbative 
computation on the SYM side, in agreement with string-theory result ( |3.43| ). 

In the "long-string" limit the spin parameters is always large, S ^ 1. If z/ ^ luiS we 
get the expression similar to the one in the J = case ( p.29|) 

E ^ S + + + ... , (3.44) 



Notice again that the presence of the S-term in both ( |3.43 ) and the expression following from 
( 3.25| ) is due to the curvature of AdS^. 
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while if ^ IriiS 



E^S+J+ 



A 



2tv^J J 



(3.45) 



i.e. for large enough J (or R-charge) we no longer find the InS" term [10 



As in the previous special 5" = and J = cases, one can again develop the semiclas- 



sical quantization of this solution [|T0[ , finding the quantum correction to the ground state 
energy (cf. (|3.23|) , (|3.34|) ) as well the energies of the tower of string oscillator states that 
have the same 5" and J quantum numbers but different oscillator occupation numbers. 

Other similar "non-topological soliton"-type solutions for strings in AdS^ x were 
discussed in [|TB|,^,^|TB[ . Different classical solutions "probe" different types of string 
motions, i.e. different sectors of the complete string spectrum, and their further study 
should be useful. 



4. Near-conformal (near-AdS) cases 

It is of obvious interest to try to generalize the semiclassical approach to string - 
gauge theory duality to non-conformal (and less supersymmetric) cases. For example, the 
5" + /(A) InS" form of the dimension of minimal twist operators should be universal, i.e. it 
should be found in all (e.g., non-supersymmetric, asymptotically free) gauge theories 
near a (UV) fixed point. It is then natural to try to reproduce this behavior on the string 
theory side for non-conformal examples of duality like the one in The notion of 

(anomalous) dimension is defined only near a conformal fixed point, so the semiclassical 
approach as described in |||,|10| and above should directly apply only in the "near-AdS" 
region. The UV region of the corresponding background is described by the type IIB 
supergravity solution of representing fractional D3-branes on a conifold (A^ D3's plus 
M D5's wrapped on a 2-cycle): its UV (large distance) asymptotics is approximately 
AdS5 X T^^K 

In trying to repeat the analysis done above for the ^^5*5 x case in the near- 
conformal case one faces two problems. The first is to find the form of the corresponding 
classical string solutions. The non-conformal backgrounds are naturally written in the 
Poincare-type coordinates (more precisely, their AdS limit gives the AdS metric in Poincare 
coordinates), while the rotating string solutions in AdS^ x are simplest in the global 
coordinates (cf. (|3.9|) , (|3.10|) ). Here it will be useful to be guided by the form of the 
AdS^ X solutions in the Poincare coordinates (pTsP , ( pTO| ) . 
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The second (related) problem is how to define the string-theory analog of conformal 
dimension, given that the background is only asymptotically AdS. In particular, the 
global-coordinate energy E will no longer be conserved. On the gauge theory side, this 
may be viewed as a refiection of running of gauge couplings (which enter the expression 
for anomalous dimension) once one moves away from the conformal point. Below we 
shall use the same definition of E as in the AdS case expressed in terms of the Poincare- 
coordinate fields (|3.1D . The definition of dimension or E away from the conformal point is 



^1,1 



of course ambiguous, but viewing the geometry of as a perturbation of AdS^ x T 
this ambiguity should not matter to leading order in deviation from the conformal point. 

Our aim will be to find the correction to the string energy E (and thus to the corre- 
sponding dimension) due to non-conformality of the background. We shall consider both 
the case of the point-like string moving along a circle in T^'^ and a folded string rotating 
parallel to the boundary. 

4.1. Perturbed solution for point-like string rotating in T^'^ 

Our starting point will be the following generalization of the AdS^ x metric 

ds^ = h-^/\y)dxmdxm + h^'\y){.dy^ + y^dsf) , (4.1) 
h^^, Q = l + eq{y). (4.2) 

y 

Here e = corresponds to the conformal case, e.g., AdS^ x T^'^ if ds\ = An 
example of ([4.1D is the solution of where (after appropriate rescaling )§ 



1 ^9sM^ (A -.^ 

q — my , e = . (4.3) 

Assuming e ^ 1 and the range of y such that elny is small, this metric is close to 
AdS^ X T^'^ and can be written as (expanding in powers of e) 

11 1 dz^ 1 

ds'^ = — [1 - -eq{z)\dx^dx^ + [1 + -eq{z)\— + [1 + -eq{z)\ds\r,^ + 0{t^) 



It may be possible to relate ^ to an analog of RG equation on the gauge theory side. 
This metric is supported by certain p-form fluxes, which will not be important at the classical 
level for the solutions we discuss below. 
"""^ In terms of global coordinates of AdS^ this metric can be written as 

ds' = Q-'/'(y)[-cosh'p de + dp^ + sinh'p dQs] + Q^'^ {y)dslr,x + ^[Q^^\y) - Q'^^\y)] , 
where y = y(p, t, Pi). It is clear that for Q ^ 1 the correction to the metric starts depending on t. 
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= -^{dx^dx^ + dz^) + + \^q{z) [-^{-dxmdxm + dz^) + (is^i.i] + O(e^) , (4.4) 

z = — , qiz) = — Inz . (4.5) 

The string action on this background may thus be interpreted as perturbed string action 
on AdS^ X T^'i. 

Let us now find the generahzation of the solution (|3.8[ ) to the leading order in e (now 
(f is an angle of T-^'^).ll2l Assuming the ansatz xq = xq{t), z = z{t), ip = (p{t) with 
all other coordinates being zero or constant the perturbed solution corresponding to ( [4.4| ) 
should have the form (we set = 1) Ell 

xo = tan r + eT(r) , z = ^— [1 - eZ(r)] , = r + e$(r) , (4.6) 

cos r 

cosV t = -2Z+ , $ = -iF, tsmrZ = -If , F{t) = q{z{T)) . 

I I cos^ r / 

(4.7) 

The above relations are valid for arbitrary 9(2). Computing the value of the energy density 
(defined as in the AdS case by (|3.4|)) on the deformed solution of the form (^4.6| ) we get 

£^ = IH %^{Z + sin r cos r Z + cos^ rf) +0(6^) . (4.8) 

cos^ r 

It then follows from the form of the solution in ( [4.7|) that the leading 0(e) term in E 
cancels out, = 1 + O(e^), i.e. 

£; = J + e7i(r) +e%2(r) + ... , 71 = • (4.9) 

Note that 71 = for any F{t), but higher-order corrections certainly should not vanish. 
Thus there is no leading 0(^^) correction to the anomalous dimension of the cor- 



responding "ground-state" large R-charge operator Tr(A2-B2)'^ O due to running of the 



gauge couplings in the dual SU (N) x SU {N + M) gauge theory. This is reminiscent of the 



In the "plane-wave" context this null geodesic in AdSs x T^'^ was considered in [^,37,3^. 
The equations for xq and (p are directly integrated while the equation for z is given by the 
constraint -^[1 - ^eq{z)]xl + [1 + ^eq{z)]^ + [1 + hli^)]'P'^ = 0' i-^- [1 + ie9(2)](--z^ + 
" ' + [1 — |eg(z)] + O(e^) = 0. The explicit solution for Z is {q = Incosr): Z{t) = 



-71 



— ^tanr JJ^ dr' cot r' In cos r' , i.e. it can be expressed in terms of a polylog function. For 
general Q(y) the equations for the corresponding null geodesic are y^io = t^Q^^^iu) , 4> = 
wQ'^^\y) , f + w^y^Q'\y) - = (see also 
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vanishing of the leading correction to the anomalous dimension of the operator Tr (AiBj) 
observed in ||3^] - the correction to the dimension starts at a rather high order in M/N: 
A = — i + ci ( ^ )■* + ... . It would be interesting to find a field-theory explanation of why 
the dimension of the chiral operator Tr(A2-B2)'^ of the conformal SU{N) x SU{N) theory 
||40|| does not shift if we make an O(M^) marginal perturbation away from the conformal 
point. H 



4-2. Perturbed solution for rotating string 



Let us now carry out a similar computation for the spinning string solution ( |3.10|) . 
The aim is to see how the E{S) relation ( |3.29| ) found in the AdS^ case is modified when 
the AdS^ the metric is replaced by its deformation in ( [4.4| ). The internal T^'^ part of 
the metric will not be important as the corresponding angles will be kept fixed. Here we 
expect a non-trivial correction to E due to the deformation, 



E = S + [ooVa + e77i(r) + 0{e^)] InS + 



(4.10) 



where r-dependence of the function rji should be reflecting broken conformal invariance 
(i.e. changing of anomalous dimension with scale due to running of gauge couplings). il 

It is useful to change the coordinate cr to s = tanhp, where p{a) is a solution of the 
condition in ( W^ ) (we set k = 1): 



(4.11) 



da 

The relevant part of the string action in conformal gauge is then 



drds z-^{l + ^eln^)^-^-^^ + + r^(i)^) 



(4.12) 
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The same may be true also for the LS [41| perturbations of A/'=4 SYM theory. The super- 



gravity dual of large R-charge limit of LS conformal point was considered in [42,43|. Let us note 
also that a discussion of a plane wave limit of a solution describing flow between two conformal 
points was given in |44,43|. 

The dependence on r may be traded for the dependence on z that plays the role of an energy 
scale. 
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where prime now stands for the derivative over s. The AdS rotating solution (|3.10 ) is then 
generaUzed, to leading order in e, as follows 

- s2 

xq = tanr + eT(r, s) , z = [1 — eZ(r, s)] , 

cos r 

(j) = WT + tPir, s) , r = ^— [1 + ei?(r, s)] . (4.13) 

COST 

The aim is to find the perturbed solution, and then to compute the leading correction to 
the energy density ( ^.41 ) (where + r^). In general, we get (cf. ( |4.8D ) 

£d = — ^ ( IH %- [(1 + cos 2t)Z + cos 2tR 

1 — \ cos^ r 

+ cos^ r T - sin r cos ri? + (1 - s^) sin r cos rZ] ^ + O(e^) . (4.14) 

Note that in ( |3.1C1| ), i.e. at the zeroth order in e, 9r(^) = 0. Assuming that this will be true 
also at non-zero order, i.e. that Z + R = 0, one is able to separate r and s coordinates in 
the solution, T = T(r), P = P(r), Z = A{t) + B{s), = -A(r) +C(s). One is then to 
solve the resulting string equations, w(tan r + 8 A) + 2P = 0, tan r + 4A — 4 sin r cos tT + 
2cos^tT = 0, etc., and the conformal-gauge constraints. Finally, one is to compute the 
energy (|3.1|) , (|4.14|) and the spin (the conserved charge corresponding to translations in (p 



in ( [4.12|) ) and to compute ?7i(t) in ([4.10|) . We leave detailed discussion of this computation 
for future. 
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